INTRODUCTION AND SUMMARY
For any lattice ordered group G there are two closely associated lattice ordered groups: GR, which is obtained from G by reversing the order, and G w, which is obtained from G by reversing the multiplication.
More generally for any group G and for any word U = U(x, y) one can ask if the operation x c y = U(x, y) on G defines a group G, and, when this is the case, one can ask whether G and G, define the same variety of groups. With W= W(x, y) = yx, we obtain the group G,. For any lattice ordered group, GR and G, are isomorphic lattice ordered groups and so it is natural to consider the relationship between the varieties generated by G and GR z G,.
In Section 2 we give some background information and consider the relationships, for any lattice ordered group, between G, GR and G, and the identities that hold in each.
If, for any variety 7 of l-groups, we write TR = {G" : G E T}, then the main results of Section 3 establish that the mapping 8: 7 --t TR is both a lattice and a semigroup automorphism of the set of varieties of lattice ordered groups.
All the well-known varieties of lattice ordered groups are considered in Sections 4 and 5 to determine which are invariant under 19 (Section 4) and which are not (Section 5). Both classes are shown to have the cardinality of the continuum. A table summarizing the results is given in Section 6.
BACKGROUND AND BASIC OBSERVATIONS
Recall that a lattice ordered group is a group endowed with a lattice structure that is compatible with the group operations: a(x V y)b = (axb) V (ayb), a(x A y)b = (axb) A (ayb). Throughout, we use ihe term igroup for lattice ordered group. The reader is referred to [ 11 for basic information and terminology relating to l-groups and varieties of i-groups.
Whenever the term variety is used it means variety of l-groups.
In particular, by an l-homomorphism (respectively, ~-~~om~rph~srn~ between two l-groups is meant a mapping which is both a group and a lattice homomorphism (respectively, group and lattice isomorphism). Also, an Isubgroup means a subgroup which is also a sublattice and an I-ideal means a convex normal l-subgroup. For any element x of an i-group 6: we write x+=xv 1, XC=(xA 1)": 1x/=x+ vx-, where 1 denotes the identity of G.
Notation 2.1. For any l-group G, we denote by 7"(G) the variety of :-groups generated by G. We denote by 9 the lattice of varieties of i-groups. We denote by zf the variety of all abelian l-groups and by SK% the variety of all I-groups.
We shali require the following useful observation. Notethatforx,yinG,xVRy=xAyandxARy=xVy. LEMMA 2.5. The mapping q~': g-t g-1 is an ~-is~rnQr~his,m of GR onto e,.
Proof: For g, h E GR, (gh)v = WC" = h-'g-' = @p,)(m) = Qmo) * Vw?j so that q is a group isomorphism. Since
and similarly (g AR h)q = gq AR hrp, we see that v, is also a lattice isomorphism. COROLLARY 2.6. For any l-group G, Y(G") = F(G,).
In the light of Lemma 2.5, we may work with whichever is the more convenient of GR or G, in any given situation.
Although, as we shall see, some of the properties of G and GR can be quite different, some features are invariant under order reversal. LEMMA 2.7. Let G be an l-group and H c G. Then H is a sublattice (respectively, subgroup, l-subgroup or l-ideal) of G v and only if HR is a sublattice (respectively subgroup, l-subgroup or l-ideal) of GR.
Furthermore, if H is an l-ideal, then (G/H)R is l-isomorphic to GR/HR.
The next observation follows easily from the fact that the lattice structure of an l-group is distributive. LEMMA 2.8. Let F be the free l-group on the non-empty set X. Then any element u E F can be written in the form u=V Anxijk, I J K where I, J and K arefinite sets and xijk E XV X-' U { 1 } for all i E I, j E J, k E K.
Notation 2.9. Throughout, F will denote the free l-group on a countably infinite set X. For any l-group variety P-, let YR = (GR ) G E Y} and, for any word U = V, AJ nK Xijk in F, let UR = VI AJ (& Xijk)-l.
Also, for any product n, yk, let II;, yk denote the product taken in the reverse order. Thus if nK yk = y1 . a. y,, then n;( yk = y,, .s. yr . With this notation and u as above, we write u' = V, & n;C XLjk. (ii) 7.' has a basis of identities [u", = 1, a E A].
(iii) T-R has a basis of identities [u; = 1, a E A 1.
This leads naturally to the question of whether or not it is always the case that F = YFR or, equivalently, whether or not it is the case that for all Igroups G the varieties Y(G) and Y(G") = F(G,) are always the same. As we shall see in Section 5, the answer is definitely no. We will survey the varieties of I-groups from the existing literature with regard to this question in Sections 4 and 5.
AN AUTOMORPHISM OF 9
Since there exist Y E 9 such that YR # 7 (see Section 5), we consider the basic properties of the mapping Y + TR in this section. by (i) and since 6' is an automorphism. Hence 7. V 7 " E F and similarly P-A TR E .F.
As an immediate consequence of Theorem 32(iii) we have the following corollary.
COROLLARY 3.3. Let 7' E 9. Then thefollowing are equivalent:
(ii) s'-and TR are comparable.
We now consider how B behaves relative to the semigroup structure of Y", Definition 3.4. For %I, 7' E 9, we denote by %'Y the class of all Igroups G for which there exists an l-ideal H with H E 22 and G/HE Tr and refer ts MT as the product of the varieties 22' and Y. A variety W is said to be indecomposable if V= Z/F implies that either F or Y is the trivial variety.
It was observed by Martinez [S] that 9 is a semigroup with respect to the above-defined product of varieties. DeJinition 3.5. Let G be an l-group. If, for every g E G and every convex I-subgroup M that is maximal with respect to not containing g, M is normal In the convex l-subgroup generated by M and g, then G is said to be normal l;aZued. The class of all normal-valued Z-groups will be denoted by JV'. Thus (ZP')I~ = ('P'B)(YB), as required.
Theorem 3.8 together with the next observation will enable us to make some observations regarding K as a subset of the semigroup 9. The result now follows from heorem 3.8 and I%-oposition 3.9.
VARIETIES INVARIANT UNDER 0
Since the underlying group structures of G and G" are the same, for any Igroup G, it follows that they satisfy the same group laws. This observation justifies the following lemma. of all representable Z-groups is a variety and is given by the identity (XV y)2=xW y*.
Let G, denote the free group on the (countably infinite) set X. For each u E G,, let Z(U) E F be defined by Z(u) = z+ A u-lz-u 7
where z E X does not appear in u. For each fully invariant subgroup U of G,, let 9C.J denote the variety of Z-groups defined by the laws Z(u) = 1
(24 E U).
These varieties were introduced in [lo], where they were called quasirepresentable and where it was shown that the mapping U--f SPU is one-toone. Thus there is a continuum of such varieties. The smallest quasirepresentable variety (taking U = G,) is simply the variety 3' of representable Z-groups. some prime q. But, for any n, the identity x'y" = jinx" holds in G(n) and so also in .i"(n). If p # q, then we would have both the identities pyp = ypp and xqyq = yqxq holding in Ye = P(q)> from which it follows easily that xy = ye. G(q) is not commutative and hence we must have p = q and ,V(p)" = 9((o). This establishes the next result. Proof. In any l-group G, y-l(xV l)y<(xV 1)' for all x, y E G, 0 (x AR I)2 GR y-'(x AR 1)y for all x, y E G,
From this it follows that GE w if and only if CR E K The desired result now follows.
VARIETIES MOVED BY 0
In this section we study varieties that can be shown to lie in Fc, that is, varieties 7 with Y" # TR. We conclude this section by producing an entire interval in izp which is moved by 19. We require the following preliminary result. 
